Surface plasmons in graphene may provide an attractive alternative to noble-metal plasmons due to their tighter confinement, peculiar dispersion, and longer propagation distance. We present theoretical studies of the nonlinear difference frequency generation of terahertz surface plasmon modes supported by two-dimensional layers of massless Dirac electrons, which includes graphene and surface states in topological insulators. Our results demonstrate strong enhancement of the DFG efficiency near the plasmon resonance and the feasibility of phase-matched nonlinear generation of plasmons over a broad range of frequencies.
Surface plasmons in graphene may provide an attractive alternative to noble-metal plasmons due to their tighter confinement, peculiar dispersion, and longer propagation distance. We present theoretical studies of the nonlinear difference frequency generation of terahertz surface plasmon modes supported by two-dimensional layers of massless Dirac electrons, which includes graphene and surface states in topological insulators. Our results demonstrate strong enhancement of the DFG efficiency near the plasmon resonance and the feasibility of phase-matched nonlinear generation of plasmons over a broad range of frequencies.
PACS numbers: 81.05.ue, 42.65.-k Graphene exhibits many interesting electronic properties because of its chiral symmetry and gapless linear spectrum of free carriers near the Dirac point. In recent years, graphene has also been recognized as a promising broadband optoelectronic material in the infrared (IR) and terahertz (THz) region, especially when utilizing a surface plasmon resonance [1] [2] [3] . Surface plasmon is a collective mode of coupled charge-density and field oscillations at an interface between a free-carrier system and a dielectric or vacuum. Surface plasmons guided by graphene are expected to have low losses and be highly tunable by gating and doping, making graphene an attractive alternative to metal plasmonics. Surface states in certain topological insulators (TIs) have a massless Dirac-cone electron dispersion at low energies with a slope similar to that in graphene. They provide a potentially even more interesting host medium for surface plasmons due to lower scattering rates of two-dimensional (2D) surface electrons that are topologically protected from scattering on non-magnetic impurities [4] . In particular, Bi 2 Se 3 has a large bulk band gap of about 0.3 eV, suitable for THz and mid-infrared plasmonics, and a tunable Fermi level which can be put within the bulk gap [5] . The combination of highly efficient light-matter interaction, relatively long propagation distances, and tight confinement of surface plasmons in graphene and TIs promises interesting applications including compact room-temperature THz sources for imaging, spectroscopy and telecommunications; integrated photonic circuits; THz modulation of telecom signals, and compact THz sensors. Furthermore, optical methods [6] may provide a better access to characterization and manipulation of massless fermion states than transport measurements that are affected by conductivity in the bulk.
Nonlinear optics of massless Dirac fermions has received little attention so far, especially in the THz range where many basic devices and components are lacking. Here we show that the difference frequency generation (DFG) in 2D layers of massless Dirac electrons, e.g. graphene and TIs, is an efficient and controllable way of generating surface plasmons over a broad range of frequencies. Second-order nonlinear processes such as DFG are usually assumed to be forbidden in an isotropic medium [14] such as the plane of a graphene layer. However, the second-order susceptibility χ (2) becomes nonzero when its spatial dispersion (dependence on photon wave vectors) is taken into account. In our case the anisotropy is induced by the in-plane wave vectors of obliquely incident electromagnetic waves. This effect is well-known for the DFG of plasma waves in a bulk isotropic classical plasma [15] . Another secondorder nonlinear process, second-harmonic generation in graphene has been theoretically studied in [12, 13] . Of course second-order processes are also non-zero for outof-plane excitations due to anisotropy between in-plane and out-of-plane directions, which is a property of any surface. Here we consider only in-plane excitations which yield a much stronger nonlinear effect. We find that the DFG of surface plasmons at the beat frequency of two obliquely incident or in-plane propagating infrared beams shows a surprisingly high efficiency over a broad range of frequencies and is widely tunable by varying an angle of incidence, gating, or doping.
First we review the dispersion of surface plasmons in graphene and TIs, which has been studied before a number of times in various approximations; see e.g. [7] [8] [9] . Assuming the monolayer of massless Dirac electrons in the xy-plane, z-axis pointing up as in Fig. 1(a) , and wave propagation in the x-direction, we calculate the linear response and the dispersion for TM surface plasmon modes [10] . We include only the intraband transitions assuming that the electrons are degenerate and the Fermi energy is higher than the plasmon energy: E F > ω/2. This assumption can be easily dropped if needed. The resulting 2D linear electric susceptibility is given by χ xx = χ yy =χ ω,q and χ xy = χ yx = 0, wherẽ
Here ω and q are frequency and x-component of the wave vector in a monochromatic wave, φ is the angle between the electron momentum and x-axis; γ is the scattering rate which greatly depends on the material and substrate quality. The degeneracy factor g is equal to 4 for For a TM-mode with non-zero E x , E z , and B y field components, using Maxwell's equations and standard boundary conditions [10] , we can obtain the dispersion relation for surface modes guided by monolayer graphene, placed on an interface between two dielectric media with dielectric constants 1 and 2 , as shown in the inset to Fig. 1(a) : Its solution for the real parts of the frequency and wavenumber is shown in Fig. 1(a) . When cq ω υ F q, the dispersion relation can be simplified to 4πχ ω,+ 1 + 2 ≈ 0, and further to the familiar dependence [16] ω(q) ∝ √ E F q if we neglect the q-dependent term in the denominator of Eq. (1). With increasing plasmon frequency, the plasmon-phonon coupling and interband transitions need to be taken into account [17] .
The double layer geometry of the kind shown in the inset to Fig. 1(b) supports two types of surface plasmon modes: symmetric ω + and antisymmetric ω − (only the field of the symmetric mode is shown in the inset). Such a geometry appears naturally in thin films of TIs and can be also implemented by separating two graphene layers with a dielectric. The plasmon modes in a double layer were studied theoretically in [9, 11] . Here, instead of using the static dispersion relation (ω, q) = 0, we start from the full Maxwell's equations and derive the following dispersion equations for the symmetric (top) and antisymmetric (bottom) modes:
where d is the distance between two 2D layers of massless Dirac electrons. Generalization to the case when the top and bottom media have different dielectric constants is straightforward, but makes the equations more cumbersome. The solution to the dispersion equations is shown in Fig. 1(b) . We consider the limit when d is thicker than about 5 nm so that the electron hybridization and tunneling can be neglected [5] , Now we turn to the nonlinear optical excitation of THz surface plasmons. First, consider two incident midinfrared pump fields at frequencies ω a and ω b linearly polarized in the xz plane in the geometry shown in Fig.  2(a) . For high pump frequencies a purely intraband contribution to the second-order susceptibility is very small, and the three-wave mixing processes that give the main contribution to the DFG signal at frequency ω = ω b − ω a are those in which the pump fields are coupled to the interband transitions and the difference-frequency field is coupled to the intraband transitions, as sketched in Fig.  2(b) . From the density matrix equations we can derive the 2D second-order nonlinear susceptibility [10] :
where f (k) is the occupation number of a given k-state and k 2 (k 2 ) and k 3 can be expressed through k 1 utilizing the selection rules that follow from the matrix elements of the interaction Hamiltonian:
. Here v αβ = υ F α| σ|β is the matrix element of the velocity operator, µ αβ = ieυ F ω βα α| σ|β is the transition dipole matrix moment, σ = (σ x ,σ y ) is a 2D Pauli matrix-vector, and ω αβ = (ε(k α ) − ε(k β ))/ is the energy difference between electron states |α and |β . An order of magnitude estimate for χ (2) can be obtained if we take the limit of a degenerate electron distribution k B T → 0 and assume that ω υ F q cos φ, γ and ω a ω b . Then Eq. (4) gives
where k F is the Fermi momentum. This approximate expression matches well the low-temperature dependence of the magnitude of χ (2) for graphene shown in Fig. 3 (a) as a function of the Fermi energy. With increasing Fermi energy, more states in the integral in Eq. (4) are fully occupied, which leads to a lower χ (2) . The value of |χ (2) | ∼ 10 −6 esu is extremely high: if we divide it by a monolayer thickness ∼ 0.3 nm to compare with bulk susceptibilities of other nonlinear materials, we obtain |χ (2) bulk | ∼ 10 −2 m/V, which is four orders of magnitude higher than |χ (2) | measured at similar wavelengths in asymmetric coupled quantum-well structures [18, 19] .
Note that, unlike the situation in a magnetized graphene with a discrete energy spectrum [20, 21] , here we don't have strong resonant enhancement of the nonlinear susceptibility at interband resonances: it is smeared out by integration over the continuous spectrum of electron momenta, as is clear from Eq. (5). Also, the secondorder susceptibility is not affected by plasmon resonance; its large value is mainly due to large matrix elements of single-particle transitions. At the same time, the generated difference-frequency field does experience a strong enhancement at the surface plasmon resonance, i.e. when the momentum and frequency of the generated differencefrequency photons satisfy the plasmon dispersion relation given by Eq. (2) or (3), depending on the layer geometry.
Indeed, as follows from Maxwell's equations, for a given 2D (surface) polarization P ∝xe iqx−iωt the generated surface plasmon mode has the electric field ampli- xxx as a function of Fermi energy for a fixed incidence angle θa = θ b = θ = 60
• and fixed sum of the incident pump frequencies ωa + ω b = 400 meV. Red line is the generated plasmon frequency which satisfies the phase-matching condition and energy conservation at each E f . (b) The DFG efficiency η = I pl IaI b and incidence angle θ as a function of the plasmon frequency under the conditions of frequency and phase matching. The sum of the incident pump frequencies is fixed to ωa + ω b = 400 meV.
tude [10]
Here the second equality is valid when q and ω satisfy the plasmon dispersion equation, in which case the real part of the denominator D(ω, q) goes to zero and the generated field is greatly enhanced. For example, in monolayer graphene, when q >> √ 1,2 ω/c, we obtain Fig. 3(b) shows the DFG efficiency η as a function of the plasmon frequency, where η = I pl IaI b is defined as a ratio of the plasmon field intensity to the product of intensities of the incident pump fields. The generated frequency ω can be tuned by varying the pump frequencies ω a,b or/and the angles of incidence θ a,b . The efficiency goes to zero at θ a,b = 0 (because (E a,b ) x ∝ sin θ a,b ) and at θ a,b = π/2 when χ (2) vanishes by symmetry. For midinfrared pump frequencies, the generated signal can be tuned from 1 THz to several THz while still maintaining a high efficiency; see Fig.3b . For example, focusing two 1-W mid-infrared beams at wavelengths around 5 µm into the area of 100×100 µm 2 yields about 0.01 W of power in the in-plane propagating THz plasmon mode. Note that the DFG efficiency scales roughly as 1/γ 2 according to Eqs. (6,7) . The relaxation rate γ is 1 meV for the plots in Fig. 3 .
For integrated photonics and optoelectronics applications, it is desirable to avoid open optical paths and integrate all fields into a planar waveguide structure, see e.g. [3, 22] . The simplest geometry is a dielectric or semiconductor waveguide with graphene deposited at the interface between the core and the cladding. Fig. 4 shows one such example: a Si/SiO 2 waveguide in which the top cladding is air, with graphene deposited on the top. Another example would be a TI film in which the bulk TI material serves as a waveguide core. Consider a waveguide with a core layer of thickness d and dielectric constant 2 surrounded by cladding materials of lower dielectric constants 1 and 3 . Let the two pump fields propagate in opposite directions as fundamental TM modes of the waveguide. They can be excited e.g. by z-polarized laser beams. In a TM mode the longitudinal component of the electric field E x ∝ ∂B y /∂z has a maximum near the interfaces z = ±d/2, where z = 0 in the middle of the waveguide core. Strong overlap of the E x components of the pump fields with a graphene layer is exactly what we need for efficient nonlinear excitation of a surface plasmon at the difference frequency.
For the E x -fields in the two pump modes given by E a ∼ exp (iq a x − iω a t) and E b ∼ exp (−iq b x − iω b t), the second-order nonlinear interaction between the fields generates the 2D nonlinear polarization in graphene at the difference frequency ω = ω b − ω a and in-plane momentum q = q a + q b . When ω and q satisfy the surface plasmon dispersion relation, the plasmon field excited by the nonlinear polarization experiences a strong enhancement, similarly to Eq. (6) [10] :
Here we assumed that the pump fields are constant over the vertical confinement scale of the plasmon mode ∼ 1 µm. In Fig. 4 the DFG efficiency is defined as a ratio of the Poynting flux in the surface plasmon mode to the product of Poynting fluxes of the TM modes of the pump fields. Using mid-IR quantum cascade lasers of a typical power 0.1-1 W as a pump, one can get about 1-10 mW of power in the coherent plasmon mode. We also performed similar calculations for pump lasers at telecom wavelengths around 1.5 µm. In this case the phasematched DFG of surface plasmons takes place around plasmon frequency 25-35 meV (for E F of 50-100 meV) and the conversion efficiency is ∼ 10 −4 − 10 −5 /W. In conclusion, we found that THz surface plasmons in graphene and topological insulators can be generated with high efficiency through second-order nonlinear frequency mixing of two obliquely incident or in-plane propagating mid-IR beams over a broad range of frequencies and angles of incidence. This process can be used for nonlinear generation, detection, and modulation of the THz light in these fascinating materials or for the manipulation of electron states by optical means.
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